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Abstract
Let S be a numerical semigroup of embedding dimension e and con-
ductor c. The question of Wilf is, if #(N \ S)/c ≤ e− 1/e.
In (An asymptotic result concerning a question of Wilf, arXiv:1111.2779v1
[math.CO], 2011, Lemma 3), Zhai has shown an analogous inequality for
the distribution of weights x · γ, x ∈ Nd, w. r. to a positive weight vector
γ:
Let B ⊆ Nd be finite and the complement of an Nd-ideal. Denote by
mean(B · γ) the average weight of B. Then
mean(B · γ)/max(B · γ) ≤ d/d+ 1.
• For the family ∆n := {x ∈ N
d|x ·γ < n+1} of such sets we are able
to show, that mean(∆n · γ)/max(∆n · γ) converges to d/d+ 1, as n
goes to infinity.
• Applying Zhai’s Lemma 3 to the Hilbert function of a positively
graded Artinian algebra yields a new class of numerical semigroups
satisfying Wilf’s inequality.
1 On the distribution of weights at Nd with re-
gard to a positive weight vector
Let γ1, . . . , γd be positive real numbers. The weight of x = (x1, . . . , xd) ∈ R
d
with regard to the weight vector γ = (γ1, . . . , γd) is defined as the dot product
x · γ = x1γ1 + . . .+ xdγd. We cut R
d into strips
Hi = Hi(γ) =:= {x ∈ R
d|i ≤ x · γ < i+ 1}
and set
hi := #(Hi ∩N
d), i ∈ Z.
Then
(H0 ∪˙ H1 ∪˙ . . . ∪˙ Hn) ∩N
d = ∆n = ∆n(γ) := {m ∈ N
d|m · γ < n+ 1},
hence
#∆n =
n∑
j=0
hj and
∑
m∈∆n
⌊m · γ⌋ =
n∑
j=0
jhj .
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Set
h(n, γ) :=
∑n
j=0 jhj
n
∑n
j=0 hj
=
∑
m∈∆n
⌊m · γ⌋
n ·#∆n
for n > 0. (1)
In the proof of 1.2 Prop., we will use the following result of Zhai.
For any finite subset B ⊆ Nd let
mean(B · γ) :=
1
#B
∑
b∈B
b · γ
the mean weight of its elements w. r. to γ.
1.1 Lemma. ([7, Lemma 3]) Let B ⊆ Nd be the complement of an Artinian
Nd-ideal. Then
mean(B · γ)
max(B · γ)
≤
d
d+ 1
.
Obviously Nd \∆n is an ideal in N
d. Hence by 1.1 Lemma
mean(∆n · γ) ≤
d
d+ 1
max(∆n · γ) < (n+ 1)
d
d+ 1
. (2)
Since m · γ − 1 < ⌊m · γ⌋ ≤ m · γ we get from (1) and (2)
1
n
mean(∆n · γ)−
1
n
< h(n, γ) ≤
1
n
mean(∆n · γ) ≤
1
n
d
d+ 1
max(∆n · γ). (3)
This implies
1.2 Proposition. a) h(n, γ) < n+1
n
d
d+1 for n > 0.
b) If γ ∈ Nd, then h(n, γ) ≤ d
d+1 for n > 0.
Proof
a) is immediate from (2) and (3).
b) Here ∆n · γ ⊆ N, hence max(∆n · γ) ≤ n and h(n, γ) ≤
d
d+1 by (3).

However, there are pairs (n, γ) such that h(n, γ) > d
d+1 .
Example d = 2, n = 4, h(4, (128 ,
13
8 )) =
27
40 >
2
3 .
For general γ ∈ Rd>0, we have the following asymptotic result.
1.3 Theorem. a) limn→∞ h(n, γ) =
d
d+1 for each γ ∈ R
d
>0.
b) For γ = (1, . . . , 1) even h(n, γ) ≡ d
d+1 .
Using the inequalities (2) and (3) we obtain
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1.4 Corollary.
lim
n→∞
mean(∆n · γ)
max(∆n · γ)
=
d
d+ 1
.
Proof of 1.3
b) For the sake of completeness we include a proof of this well known fact.
hj = #{m ∈ N
d|m1 + . . .+md = j} =
(
d− 1 + j
j
)
(4)
if γ1 = . . . = γd = 1. The combinatorial formula
n∑
j=0
(
d− 1 + j
j
)
=
(
d+ n
n
)
easily yields
n
n∑
j=0
(
d− 1 + j
j
)
=
d+ 1
d
n∑
j=0
j
(
d− 1 + j
j
)
(5)
and h(n, γ) = d
d+1 by (4) and (5).
a) Equivalently, we shall prove that for
q(n, γ) := 1− h(n, γ) =
∑n
j=0(n− j)hj
n
∑n
j=0 hj
,
lim
n→∞
q(n, γ) =
1
d+ 1
. (6)
Proof of (6): Set
D := {x ∈ Rd≥0|x · γ < 1}, Dn := (n+ 1)D = {x ∈ R
d
≥0|x · γ < n+ 1}.
Then (H0 ∪˙ H1 ∪˙ . . . ∪˙ Hn) ∩N
d = ∆n = Dn ∩N
d, hence
n∑
j=0
hj = #∆n = #(D ∩
1
n+ 1
N
d).
Analogously, let
D̂ := {(x0, x) ∈ R≥0 ×R
d
≥0|x0 + x · γ < 1},
D̂n := (n+ 1)D̂ = {(x0, x) ∈ R
d+1
≥0 |x0 + x · γ < n+ 1}.
For the the closures D and D̂ of D and D̂ we have:
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D̂ is a cone over D of height one, hence
Vold+1 D̂ =
1
d+ 1
VoldD. (7)
Set ∆̂n := D̂n ∩N
d+1, hence #∆̂n = #(D̂ ∩
1
n+1N
d+1). By the definition
of the Riemann integral
lim
n→∞
#∆n
(n+ 1)d
= VoldD (8)
and
lim
n→∞
#∆̂n
(n+ 1)d+1
= Vold+1 D̂. (9)
As is easily seen, for m ∈ Hj ∩N
d, (y0,m) ∈ ∆̂n if and only if 0 ≤ y0 ≤
n − j. Hence above each point m ∈ Hj ∩N
d there are exactly n − j + 1
points of ∆̂n. Summing up over all m ∈ ∆n =
⋃˙n
j=0Hj ∩N
d we get
1.5 Lemma.
#∆̂n =
n∑
j=0
(n− j + 1)hj =
n∑
j=0
(n− j)hj +#∆n. (10)
Finally, the equations (7) up to (10) together yield:
q(n, γ) =
#∆̂n −#∆n
n ·#∆n
=
#∆̂n
(n+1)d+1
#∆n
(n+1)d
n+ 1
n
−
1
n
converges to 1
d+1 for n→∞.

2 The Hilbert function of positively graded al-
gebras
Let γ ∈ Nd≥1 as above. Then for m = (m1, . . . ,md) ∈ N
d, m · γ is the degree of
the monomial Xm = Xm11 · . . . ·X
md
d , hence, with hj as in section 1,
f(z) :=
∑
j≥0
hjz
j
is the Hilbert series of the polynomial ring C[X1, . . . , Xd] w. r. to the grading
induced by degXi := γi, i = 1, . . . , d. It is well known, that
f(z) =
1∏d
i=1(1 − z
γi)
.
From the results of section 1 we get
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2.1 Proposition.
d ≥
∑n
j=0 jhj∑n
j=0(n− j)hj
=
n
∑n
j=0 hj∑n
j=0(n− j)hj
− 1
n→∞
−→ d (11)
where d is the pole order at z = 1 of the rational function f(z).
Further f ′(z) =
∑
j≥1 jhjz
j−1. Hence (11) may be considered as an analog
to the residue formula
1
2pii
∫
Γ
f ′(z)
f(z)
dz = −d
where Γ is any small circle around the point z = 1.
A simple but not too simple example of an explicite formula for such a
Hilbert function can be found in [5, 4.4.2 Example]: If d = 3 and γ = (1, 2, 3)
then
hn = ⌊
n2
12
+
n
2
⌋+ 1.
Using Zhai’s lemma cited above and a theorem of Macaulay (see [2, Theorem
6.1.4]) it is shown in [4, 3.5 Remark]:
2.2 Proposition. Let I ⊆ C[X1, . . . , Xd] be an Artinian ideal, homogenous
w. r. to the grading induced by degXi = γi, i = 1, . . . , d. Then the Hilbert
function (hn)n∈N of C[X1, . . . , Xd]/I satisfies
m∑
j=0
jhj/
m∑
j=0
hj ≤
d
d+ 1
·m
if hm 6= 0 and hn = 0 for n > m.
3 Comparison with a question of Wilf
Let S be a numerical semigroup and g0 < g1 < . . . < gd its minimal set of
generators and n0 := ⌈
c
g0
⌉, i. e. 0 ≤ ρ := n0g0 − c < g0.
Further let A := {s ∈ S|s− g0 /∈ S} the Ape´ry set of S.
Endow Nd with the (purely) lexicographic order LEX, i. e. a <LEX b if
the leftmost nonzero component of a − b is negative. For a ∈ A, let a˜ be the
LEX-minimal element x ∈ Nd with x · (g1, . . . , gd) = a and set
A˜ := {a˜|a ∈ A}.
In [6], Wilf raised the following question: Let Ω be the number of positive
integers not contained in S and c − 1 the largest such element. Is it true, that
the fraction Ω
c
of omitted numbers is at most d
d+1?
For d ≥ 3 the answer is still unknown. Suppose that the multiplicity g0 of
S divides c, i. e. c = n0g0.
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In this special situation we will see how the problem of Wilf is connected with
the considerations on the distribution of weights in section 1. Choose γi :=
gi
g0
,
i = 1, . . . , d. Then the strips Hi are given by
Hi = {x ∈ R
d|ig0 ≤ x1g1 + . . .+ xdgd < (i + 1)g0}, i ∈ Z.
A˜, as well as ∆n from section 1, is the complement of an N
d-ideal. We define
hi(S) := #(Hi ∩ A˜), i ∈ N. Then, analogously to ∆n and hi in section 1,
hn0(S) 6= 0, hi(S) = 0 for i ≥ n0 + 1 and A˜ =
⋃˙n0
i=0 A˜ ∩Hi.
According to [4, End of section 3.1], then
h(S) :=
∑n0
j=0 jhj(S)
n0
∑n0
j=0 hj(S)
=
Ω
c
. (12)
Hence, the question of Wilf is, if h(S) ≤ d
d+1 .
Analogously we may ask:
If γ =
(
g1
g0
, . . . , gd
g0
)
, do we have (with the notation of section 1)
(i) h(n, γ) ≤ d
d+1 for n ≥ n0?
or
(ii) h(n0, γ) ≤
d
d+1?
or at least
(iii) h(n, γ) ≤ d
d+1 for n≫ 0?
4 A-graded numerical semigroups
Let S be a numerical semigroup with minimal set of generators g0 < g1 < . . . , <
gd and Ape´ry set A. For i ∈ N let
Ai :=
{
a ∈ A
∣∣∣∣
⌊
a+ ρ
g0
⌋
= i
}
.
We call S A-graded if (Ai +Aj) ∩ A ⊆ Ai+j , i, j ∈ N.
4.1 Proposition. If S is A-graded, then Wilf ’s inequality Ω
c
≤ d
d+1 holds.
Proof Consider the monomial C-algebra
R = R(A˜) := C[X1, . . . , Xd]/I, I := (X
m|m ∈ Nd \ A˜),
where Xm := Xm11 · . . . ·X
md
d for m = (m1, . . . ,md) ∈ N
d.
According to Zhai ([7]), Nd \ A˜ is a Nd-ideal, hence (xm|m ∈ A˜), x :=
Xmod I, is a C-basis of R. Set
Ri :=
⊕
a∈Ai
C · xa˜, hence R =
n0⊕
i=0
Ri.
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Since S is A-graded, the decomposition R =
⊕n0
i=0 Ri induces a Z-grading on
R, that is RiRj ⊆ Ri+j for i, j = 0, . . . , n0. Further by Zhai [7, Lemma 1],
n0∑
j=0
jhj =
∑
a∈A
⌊
a+ ρ
g0
⌋ = Ω+ ρ.
Applying 2.2 Proposition to the positively graded algebra R =
⊕n0
i=0Ri
yields
0 ≥ (d+ 1)
∑
jhj − dn0
∑
hj = (d+ 1)(Ω + ρ)− d(c+ ρ) ≥ (d+ 1)Ω− dc.

Examples. a) The semigroup S =< n2, n2 + 1, n2 + n, n2 + n+ 1 >, n ≥ 3
is standard A-graded, c = n0g0, n0 = n− 1, type t = 2n− 1. For different
proofs that S satisfies Wilf ’s condition see also [1, Thm. 7.1, Cor. 7.2],
[3, Cor. 2.2] and [4, 2.9 Remark].
b) S =< p, 2p+1, 2p+3, 3p+4>, p ≥ 9 is A-graded with deg x1 = deg x2 =
2, deg x3 = 3, c =
⌊
2p
3
⌋
· p and type t = 5.
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